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Abstract
In this paper, we introduced the hyperbolic generalized tribonacci quaternions,
HW, = Wy + Wht1J1 + Waioj2 + Wiysjs, n > 0, W, is the generalized tribonacci
number. Several properties of these hyperbolic quaternions are investigated, including the
Binet formulas, generating functions, and finite summation formula. Our results extend
and generalize well-known theorems.

1. Introduction

The Fibonacci sequence is a series of numbers in which each number is the sum
of the two that precede it. Let F;, denote the Fibonacci sequence, which is defined
by the following recurrence relation:

Fn = Fn,1 + Fn,Q, n Z 2 (1].)

where Fy =0 and F; = 1.

That is, the Fibonacci sequence is {0, 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, ... }.
Horadam [9] introduced the (p, g)-Fibonacci sequence as a generalized form of

the Fibonacci numbers, defined for positive integer values of p and ¢. the (p,q)-

Fibonacci sequence is defined by the following recurrence relation:

—Fn:pfnfl"'qfnf% TL22 (12)

where Fy =0 and F; = 1.

If we set p =1 = g, then {F,,} is the well-known Fibonacci sequence.

If we set p = k and ¢ = 1, then {F,} is the well-known k-Fibonacci sequence.
That is, the (p, ¢)-Fibonacci sequence is {0, 1, p, p> + q, p® + 2pq, p* + 3p%q + ¢, p° +
4p>q + 3pg®, p® + 5ptq + 6p*¢* + ¢, p" + 6p°q + 10p°¢* + 4pg?,. . .}

Subsequently, the tribonacci sequence, a generalized form of the Fibonacci se-
quence, was introduced. It consists of numbers where each is the sum of its three
preceding numbers. Tribonacci sequence is defined by the following recurrence re-
lation:

Sn :Sn—l +Sn—2+&n—37 n23 (13)

where §o = §1 = 0 and §2 = 1,
That is, the tribonacci sequence is {0,0,1,1,2,4,7,13,24,44,81,...}.
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The Narayana numbers, named after the 14th-century Indian mathematician
Tadepalli Venkata Narayana, Narayana sequence is defined by the following recur-
rence relation:

Nn = Nn—l + Nn—37 n Z 3 (14)

where No =0, N7 =1, and Ny = 1.
That is, the Narayana sequence is {0, 1, 1, 1, 2, 3, 4, 6, 9, 13, 19, 28, ... }.

In 1902, Macfarlane [12] introduced hyperbolic quaternions, which, unlike real
quaternions, lack commutativity, and conducted a study on their properties. Hy-
perbolic quaternions are utilized across diverse fields such as physics, computer
graphics, and geometric algebra [4, 15]. A set of hyperbolic quaternions is repre-
sented as

H={¢=q0+ qj1+ @iz + i3l @,01,9,9 € R}
where j1,j2 and jz are hyperbolic quaternion units satisfying the conditions
32 =33 =33 = jijads = 1, jij2 = jzs = —j2j1, j2ds = j1 = —jaj2, jaj1 = j2 = —jijs.

Let ho =ag + bOjl + Cojz + dojg and hl = a1 + bljl + Clj2 + dljg denote two
hyperbolic quaternions. Equality, addition, subtraction, and scalar multiplication
and multiplication can be defined as follows:

ho=hy & ag=ai,bp =b1,co = c1,dp = dy;
ho +h;y = (ag + a1) + (bo + b1)j1 + (co + c1)j2 + (do + d1)J3;
hy —hy = (ag — a1) + (bo — b1)j1 + (co — c1)j2 + (do — d1)J3;
Ahg = Aag + Abog1 + Acogz + Adpgs, X €R;
hoh; = (aga1 + bob1 + coc1 + dody) + (aobr + boay + cody — doc1)Ja
+ (aoer — body + coar + dob1) gz + (aody + boer — coby + doar)gs.

Then, the set H is a vector space over R. Moreover, the conjugate of a hyperbolic
quaternion is established by

h:a—bj]_—cjz—dj3.

In this paper, we introduced the hyperbolic generalized tribonacci quaternions.
Several properties of these quaternions are investigated, including the Binet formu-
las, generating functions, and summation formula. Our results extend and gener-
alize well-known theorems [1, 16].

This study aims to introduce the hyperbolic generalized tribonacci quaternions.
We demonstrate that this new hyperbolic quaternion sequence encompasses previ-
ously established sequences such as hyperbolic tribonacci quaternions, hyperbolic
(p, q)-Fibonacci quaternions, and hyperbolic Narayana quaternions. Additionally,
we offer the generating function and Binet’s formula for hyperbolic generalized
tribonacci quaternions, along with a summation formula.
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2. Preliminaries

In 2017, Cerda-Morales [2] defined and provided the binet formula, summation
formula of generalized tribonacci numbers as follows:

Definition 2.1. [2] The generalized tribonacci sequence, {W,,} defined as follows:
Wy =1Wyn_1+ Wy o +tW,_3, n >3, (21)

where Wy = a, W1 = b, Wy = ¢ are integers and r, s, t, are real numbers.

Many authors have examined this sequence (see, for example, [3, 5, 13, 18]).
As the elements of this tribonacci-type number sequence provide third order itera-
tive relation, its characteristic equation is 2 — rz? — sz — t = 0, whose roots are

2] a:a(r,s,t):§+A+B,ﬁ:§+wA+sz and'yzg—l—sz—l—wB, where

1
t 3
A= — B= —+-—VA
(27+ ++\F>, (27+ Qf),
with A = A(r, s,t) = 2—7 — 7"1(;8 + rgt ;—2 + Z and w = —% + #
In fact, the generalized tribonacci sequence is the generalization of the well-
known sequences like Fibonacci, k-Fibonacci, (p, ¢)-Fibonacci, tribonacci and Narayana

sequences.

Table 1. represents several numbers of this family according
to initial values and r, s, t values

Name {Wo} ={Wy(a,b,c,r s,t)} Recurrence Relation
Fibonacci {Fn} ={W,(0,1,1,1,1,0)} F,=F, 1+F,_o
k-Fibonacci {ka} = {Wn( 1,k K, ,O)} Fk,n = ka,n—l + ka_g
(p, q)-Fibonacci  {Fn} ={Wx(0,1,p,p,q,0)} Fn =pFn-1+qFn—2
tribonacci {Fn} ={W.(0,0,1,1,1,1)} Fpn=Fn-1+Fn-—2+Fn3s
Narayana {N.} ={W,(0,1,1,1,0,1)} N, =N, 1+ N,_3

Theorem 2.2. [2] The Binet formula for the generalized tribonacci numbers can
be expressed as:

dia” do " dsy"

W= e A= @ PGB @ E-7)

(2.2)

where dy = Wa — (8 +v)W1 + (B7)Wo, do = Wa — (a + )b + (ay)Wp and
=Wy — (a+ B)b+ (aff)Wo.

Theorem 2.3. [2] The summation of the first n generalized tribonacci numbers:

Z n+2 + (1 - T)W7l+1 +th + (T +s5— 1)a'+ (T - 1)b - C)7 (23)
=0

where § = 6(r,s,t) =r+s+t— 1.
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3. Main Resuits

In this part, we will initially provide the definition of the hyperbolic generalized
tribonacci quaternions, we will explore various properties associated with these
hyperbolic quaternions.

Definition 3.1. Let n > 0 be an integer. The n-th hyperbolic generalized tri-
bonacci quaternions is defined by

HW, =W, +W,1171 + Wypiaj2 + Wii33s (3.1)

where W, is the tribonacci number and j1, j2, j3 satisfy equalities
% =32 =32 = jij24s = 1, jijz = j3 = —j2j1, j2ds = j1 = —Jsje2, Js3j1 = j2 = —j1js.

The first few terms of hyperbolic generalized tribonacci quaternions

HWy = Wo + Wigr + Wajz + Wsjs,
=a+bj1 + cj2 + (rc+ sb+ta)js,
HWy = Wi + Wajr + Wsjz + Wajs,
=b+cj1 + (re+ sb+ta)jz + [r(rc+ sb+ ta) + sc + tb)]js,
HWy = Wy + Waj1 + Wyja + Wsjs,
=c+ (rc+ sb+ta)jr + [r(rc+ sb+ ta) + sc+ tb]ja
+ [r*(rc + sb 4 ta) + r(sc + tb) + s(rc + sb+ ta) + tcljs,
HW3 = Ws + Wajgr + Wsj2 + WeJs,
= (re+ sb+ta) + [r(rc+ sb+ ta) + sc + tb|g1
+ [r?(rc + sb+ ta) + r(sc + tb) + s(rc + sb+ ta) + tc|ja
+ [r¥(rc + sb 4 ta) + r?(sc + tb) + rs(rc + sb + ta) + rtc
+ sr(rc + sb+ ta) + s?c + stb + t(rc + sb + ta)|js,
HWy =Wy + Wsjg1 + Wejz + Wrys,
= [r(rc+ sb+ta) + sc + tb]
+ [r?(rc + sb 4 ta) + r(sc + tb) + s(rc + sb+ ta) + tc|j1
+ [r*(rc + sb 4 ta) + r?(sc + tb) + rs(rc + sb + ta) + rtc
+ sr(rc + sb+ ta) + s%c + stb + t(rc + sb + ta)]jo
+ [r*(rc + sb 4 ta) + r®(sc + tb) + r?s(rc + sb + ta) + r’tc
+ s172(rc + sb + ta) + r(s%c + stb) + rt(rc 4 sb + ta)
+ sr2(rc + sb + ta) + sr(sc + tb) + s*(rc + sb + ta) + stc
+ tr(rc + sb+ ta) + tsc + t2b]js,

Next, we present the recurrence relations of hyperbolic generalized tribonacci quater-
nions.
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Lemma 3.2. Assume n > 3, Then

HW, =rHW, 1+ sHW, o +tHW, 3, (32)
Proof. Using (2.1) and (3.1), we obtain

HW, = Wy, + Woy1d1 + Waraja + Waraja
= (rWh_1+ sWp_o +tW,_3) + (rW, + sWy_1 +tW,,_2)j1
+ (rWhg1 + sWy + tWy_1)g2 + (rWape + sWhy + tW,)ds
=1Who1+sWy_o +tW,_s+rWpg1 + sWy_171 +tWy_271
+rWhiij2 + sWaje + tWy_1j2 + rWitods + sWyyi1js + tW,Js
= (rWho1 +7Wojg1 + 7 Wohiig2 + rWitags)
+ (W2 + sWy_1j1 + sWyj2 + sWp1153)
+ (tWh—3 + tWy_og1 + tWyh_1J2 + tW,,j3)
=1r(Wh-1+ Wnj1 + Wyi1d2 + Wiia3s)
+ s(Wy—2 + Wn—1J1 + Wyjz2 + Wii133)
+t(Wi-3 + Wy—2J1 + Wn_1j2 + WyJs)
=rHW,_1+sHW,_o +tHW,_3.
U

The next lemma shows the relationship between hyperbolic generalized tribonacci
quaternions and their conjugates:

Lemma 3.3. Assume n > 0, the following equalities are valid:

HW, + HW, = 2W,, (3.3)
HW, — HW,, =2(Wp1j1 + Whioje + Wiisja) (3.4)
HIW T, = W2~ W2y, Wey W2, 9

Proof. It is evident that equation (3.3)-(3.4) hold. we will demonstrate the validity
of equation (3.5). By (3.1), we have
HW,HW,,
= (Wn + Wag1d1 + Wayodz + Wiisds)(Wn — Wagid1 — Wagajz — Wiysjds)
=WoWp, = WoWii1j1 — WaWiyoja — WaWiysjs + Waip151Wh
= Whnt131Whni1J1 — Wat151Wai2d2 — Wai1J1Waisds + WipegaWh
= Whi2j2Whi1d1 — Wai2j2Whioda — Wiiod2Wiisds + WiisgsWs
= Whi33aWni1J1 — Wni333Whiad2 — Wai3dsWaisds
= Wﬁ - Wﬁ-‘rljlz - W3+2j§ - W3+3j§
= W'r% - W3+1 - W5+2 - W3+3~



6 P. WONGMEK AND N. PHUDOLSITTHIPHAT

Theorem 3.4. (Binet formula for hyperbolic generalized tribonacci quaternions)

Let o, 3,7 be the roots of x> — ra? — sx —t = 0. Assume n > 0, then

dya" BB dsy"d
(a=B)a=7) B-a)B-7) ©G-a)y=5)
where 6 = 1+ agy + 0’jz + a%js, =1+ Bja+ %2 + 8% and § = 1+ yj1 +
g2 +7°Js.
Proof. By using (2.2) and (3.1), we have

HW,, =

(3.6)

HW,, = Wy +Wypi131 + Whioga + Wiyisgs
dia™ da ™ d3y"

T@-Aa-7  B-aB-7  G-aG-5)
* ( . am e doﬁ(; At oo - )
@ dlam BE daﬁxg 3t e - 5)7
@ 5«:— R —anﬁ)Z;— 276 —dzg)g - 5 |
(== 0 e 0 e 7))
+<w—$%—w*u££ﬂi¥»+w%§$hw+m%g£hw>
<<~y - fﬂ?w NORRC Cﬁ?’l;wlj—l RN %Z)Zj B & dglﬁ 6))
_ m_%‘z‘;_w (1+ ags + 0% + 0%js) + w_fgf;_w (1+ Bjs + B2z + Bjs)
+ m (14741 +7%d2 +7°ds)

__ da"a dpp dxy"y
(@=P)a=v) B-a)B-7) (G-a)ly-8)

O

Theorem 3.5. The summation for the first n+1 terms of hyperbolic generalized
tribonacci quaternions s

ZHW = HWM + (1= 7)HW, g +tHW,, +w), (3.7)

where 0 =46(r,s,t)=r+s+t—1,
A=Ars,t)=(r+s—1Da+(r—1)b-—
w=w(rst)=A+A—da)ji + (A—0d(a+b))ja+N—3da+b+c))js
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Proof. By using (3.1), we have

> HW; = HWo + HWy + HW, + ... + HW,

=0

= (Wo + Wij1 + Waga + Wajs) + (W1 + Wajs + Wajz + Wajs)
+ o+ (W + Wigaga + Wigada + Wiysjs)

=Wo+Wi+Wo+ ..+ W)+ Wy + Wo+ Wi+ ... + Wyt1)d1

+ (W + Wi+ Wi+ ...+ Woia)ja + (W3 + Wi+ Ws+ ...+ Wiyis)ds
n+1 n+2 n+3

2
_ZW + ZW Wo)ir + ZW ZW g2 + ZW =D Wa)is
=0

From (2.3), we can write
8 HW; = Wyys+ (1= )Wy + W, + A

+ Whas + (1 = r)Whio +tWei1 + A —da)j1
+ Woga + (1 = 1)Wops + tWoio + A — 5(a +b))ja2
+ Whas + (1= r)Wypa +tWoiz + A —d(a+b+c))js
= (Why2 + Wigsgs + Waragz + Wiisgs)
+ (L =7)Whgr + (1 = r)Weiogi + (1 —7)Waisjz + (1 — 1) Witags)
+ (W + tWig1j1 + tWiiagz + tWiy333)
+ A+ (A=6a)ji+ (A—6d(a+b))j2+(A—d(a+b+c))js
=HWyyo+ (1 —r)HW,qq +tHW,, + w,
Finally,

ZHW = HWn+2 + (1 =r)HW, 1 +tHW,, +w).
0

Theorem 3.6. The generating function for hyperbolic generalized tribonacci quater-
nions 1s

}E:]YVV' }ivbb +—x(f{LV3 —-Tf{va)4-$ (}JLVE —rHW; —*S}{VVb)
1—rx— sx? —tx3

(3.8)

Proof. Suppose that the generating function of the hyperbolic generalized tribonacci
quaternions HW,, has the form f(z) =3 7 j HW,z". Then

f(z) = HWy + HWyz + HWax? + HWsa® + ... + HW, 2" + ...
Multiplying f(z) on both side by s, sz? and then ta3, we have
rof(x) = rHWox + rHWyz? + rHWoa® + .. + rHW,, 2™ + rHW,a" Tt + ..
sa® f(z) = sHWox? + sHWia® + sHWaa + ...+ sHW, 12" + sHW,2" 2 + ..

ted f(x) = tHWoa® + tHWya* + tHWaa® + tHWsa® + ...+ tHW,, 12" + tHW, 2"
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By Lemma 3.2,
(1 —rx — sx® —ta®) f(x) = (HWy + HWyz + HWox? + HWax® + ... + HW,z"...)
— (rHWya + rHWhz? + rHWoxz® + ...+ rHW_12" + rHW,2" Tt + )
— (sHWya? + sHWyz® + sHWax* + ... + sHW,, 12" + sHW,2" "2 + ..)
— (tHWya® + tHWya* + tHWoa® + tHWsa® + ...+ tHW,, 12" 2 + tHW,2"3...)
= HWy — 2(—HW; +rHWy) — 2*(—=HWy + rHW, + sHW,)

- Z(—HWZ‘ + (T‘HWi71 + sHW;_o + tHWifg))l‘i
=3

= HWy — a(—HW + rHWy) — 2®(~HWy + rHWy + sHW) — > (~HW; + HW;)"
=3
= HWy + 2(HWy —rHWy) + 2*(HWy — rHW; — sHW).
Therefore,
f( ) . HW, -‘rl‘(HWl — THWQ) —|—J)2(HW2 —rHW; — SHW())
= 1—rx — sx? —txd
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